We apply an improved renormalization group analysis for pure Yang-Mills theory at one loop order and obtain the result that a non-perturbatively generated pole mass of gluon emerges as M 2 P /Λ 2 M S ≃ 0.66, where Λ M S is the M S scale.
Introduction and summary
Improved perturbation theory initiated by Gell-Mann and Low [1] is a theoretical framework that by using the ideas of the renormalization group with the results of perturbation theory to a given order one can tell something about the next order of perturbation theory. In the same line of the philosophy, variational approximation methods by which one extracts certain nonperturbative information from the results of perturbation theory has been developed theoretically and numerically 1 .
The essential idea of the variational approximation scheme can be summarised simply in a phrase "the principle of minimal sensitivity" [2] . The prescription is as follows; Suppose we have an action S of interest. For concreteness, we take the φ 4 theory as an example. We first introduce
In other words, one should choose the parameter for the quantity of interest to be on a plateau whose emergence signals that the approximation scheme works well. This is what "the minimal sensitivity" means. When we apply the variational approximation for a massless theory, it is convenient to start with the massive counterpart L massive (m 2 , g) of th massless theory and perform the ordinary perturbation theory with respect to the coupling g. All we have to do is to replace the mass and coupling as m 2 → (1 − λ)m 2 and g → λg in the result of the perturbation theory and then keep the desired order in the formal coupling constant λ and set λ = 1. Here the mass plays a role of parameter to be tuned. In [3] , this variational method is combined with the renormalization group method. They calculate the mass gap of the Gross-Neveu model in two dimensions and obtain a quite good result. Furthermore, in the subsequent series of papers [4] they apply the method for QCD to study, among other things, the dynamical origin of the quark mass. We call the method developed by them the improved renormalization group analysis.
In this paper we apply this improved renormalization group analysis for Yang-Mills theory to find a non-perturbatively generated mass pole of gluon propagator. Recently, there have been growing interests in the condensate of mass dimension two operator in QCD or Yang-Mills theory with expectation that this condensation may be a key to uncover the longstanding problem of quark and gluon confinement [7, 8, 9, 10] . At first sight the gauge invariance prohibits introducing the mass dimension two local composite operators to a gauge invariant action. However the
2 − ξc a c a turns out to be on-shell BRST invariant in the Curci-Ferrari gauge [18] , which in particular reduces to pure gluon operator 1 2 (A a µ ) 2 in Landau gauge ξ = 0. The condensation of this operator has been discussed by means of lattice simulations [9] as well as from phenomenological point of view [7, 10] . Although the clear connection between the mass generation in gauge theory and the condensate of the operators is still lacking and to be elucidated 2 , we are going to simply provide a possible explanation for the mass generation in Yang-Mills theory without arguing the origin of the mass and gauge invariance of it. We consider this mass dimension two operator in Yang-Mills theory in the Curci-Ferrari model [18] , which can be regarded as the massive counterpart of Yang-Mills theory, and carry out the improved renormalization group method. We perform the calculation in a general covariant gauge, where one can obtain results of the Landau gauge by setting a gauge parameter ξ = 0. The improved renormalization group method is reviewed in Section 2 in a general framework preliminary to concrete applications. After discussing O(N) non-linear sigma model in two-dimensions in Section 3 to demonstrate how the means is applied, we analyse Yang-Mills theory in Section 4. Section 5 is devoted to conclusions and discussions.
Improved renormalization group analysis
We first describe what is an improved renormalization group analysis that will be applied to Yang-Mills theory later. We start with a Lagrangian density L(m 2 , g, µ) , where m 2 is a mass parameter, g is a dimensionless coupling constant and µ is a mass scale which is introduced to keep the coupling g dimensionless. As stated in Appendix B, a pole mass can be written in terms of these parameters as
where A n,L 's are constant, that is, are independent of m 2 , µ and g. The coefficients with L < n are governed by the renormalization group equation to be determined recursively with the condition A 0,0 = 1, while the coefficients A n,n (≡ A n ) need to be fixed by perturbative calculations and are called "non-logarithmic corrections."
If we set the scale µ to be equal to m, which is accomplished at the specific point
then all the logarithmic terms vanish and we obtain
where we denote the running mass and coupling constant at scale µ as m 2 (µ) and g 2 (µ) respectively.
Although both of g 2 (M) and m 2 (M) should be determined by the full RGE, we can approximate them by replacing with g 
where b 0 and γ 0 are defined through the renormalization group functions β(g
, and we have
According to Appendix B, this approximation corresponds to the leading-logarithm approximation with perturbative non-log corrections. At this stage, we state that the approximation is valid if the running coupling constant g 2 1-loop remains small at µ = M. Thus we can apply this approximation to asymptotic free theories, if M is large enough. So we should choose the initial value of the running mass m 2 (M) in order for these conditions to be satisfied.
one-loop improved RG analysis
Let us consider a pole mass at the one loop order in ordinary perturbation theory:
where γ 0 must appear so as to agree with the expression (6), and A 1 which comes from a finite part in a renormalization prescription is the non-logarithmic correction. Notice that we have used a "mass-independent renormalization scheme" like MS or MS scheme. Leading-logarithm contributions can be included as explained above, and the pole mass becomes
It is convenient to rewrite this as
where
Note that F satisfies the recursive relation
with the basic scale Λ
, then the expression of the pole mass and the above defining equation for F become
and
Note that this function has a logarithmic cut starting from x = 0 on the complex x-plane. We choose the cut so that F is analytic on x > 0. Now that we have a renormalization group expression of pole mass at the one loop order, our next task is to apply the variational method around a massless theory in the way reviewed in the introduction.
First observe that after the substitution
the mass M 2 P becomes to depend on the formal coupling λ. Therefore we can expand the mass in power series in λ as
We define n-th order mass after setting λ = 1 such that
Notice that the analyticity of
−1 can not be singular at the origin of the complex z plane when x > 0, therefore the first term in the integrand will vanish. Let us define u ≡ n(1 − z), thus
Here the contour path L is taken around the cut on the negative real axis in the u plane as in Figure 1 . The approximation becomes better as one takes higher order in the perturbative expansion in the formal coupling λ. Thus it is natural to take the limit n → ∞ and one obtains
From the defining relation, F can be expanded around x = 0 (hence u = 0) and we have
where B = γ 0 /(2b 0 ). We find the approximated expression for the pole mass with the help of the formula
that is
We would like to find plateau with respect to the parameter x. Once one would found a plateau the dynamically induced mass might be well approximated by the value which is evaluated on the plateau.
Furthermore we can refine the above result by introducing a scale changing parameter a which is defined by the scaling parameter as in changingμ to aμ. Although the rescaling of a renormalization point does not influence the renormalization invariant quantities such as the one loop mass m 2 1-loop , the perturbative mass does depends on the parameter a. However the pole mass must be independent of a, thus it is natural to tune a to make a plateau emerge clearly. Once we introduce the parameter a, the defining equation for F becomes
Finally we arrive at
Thus, if we know b 0 , γ 0 and A 1 , we can calculate
as a function of x and a. We then search a plateau of this function with respect to x with varying the parameter a and take the value on the plateau as the approximated value of M 
Improved RG analysis for Nonlinear Sigma model
Having reviewed the basic strategy, we move on to the O(N) nonlinear sigma model in two dimensions as a preliminary example. The O(N) invariant Lagrangian density with an external field is
where S is the sigma model field of magnitude 1, S · S = 1, and h is a N dimensional vector external field. It is convenient to choose h = (h, 0, . . . , 0) by O(N) symmetry and decompose S into S = (σ = √ 1 − π 2 , π i ) where π i are the components of N − 1 vector field with the condition π 2 ≤ 1. Then the action can be rewritten as
where the external magnetic field h plays a role of the infrared regularization to give a mass for π fields. We regard this as a massive counterpart of the original O(N) nonlinear sigma model without the external field. 1PI two point function Π ij of two π fields at the one loop order is
where d = 2 − ǫ. It follows that the physical pole mass is
It is easy to see that there is no non-logarithmic perturbative correction at the one loop order.
We also obtain the renormalization functions:
Substituting these into the pole mass formula (23) we find a plateau (in case of N = 3) in Figure  2 in which we have plotted
with respect to h with various values of a. We recognize that a plateau emerges when we set a = 1 and the value on the plateau is M . Thus we believe that if we proceed beyond one loop order we might obtain a more accurate result in this model. Let us comment on spontaneously symmetry breakdown here. Usually a non-zero expectation value of a mean-field after appropriate subtraction indicates that symmetry is broken down 3 The expression of the exact mass gap evaluated in [17] is
spontaneously. However in the non-linear sigma model in two dimensions there never occurs spontaneous symmetry breakdown because of its dimensionality. Thus a non-zero value of a mean-field does not mean SSB, but it merely indicates the fact that the starting point of perturbation theory does not respect the symmetry. In the non-linear sigma model a generated mass term is indeed O(N) invariant and then SSB does not occur. If a generated mass term breaks a symmetry, then one can conclude SSB takes place and take the generated mass term as an order parameter, like in the Gross-Neveu model where a fermion mass term breaks the chiral symmetry.
Improved RG analysis for Yang-Mills theory
In order to perform the improvement method for Yang-Mills theory one has to start with the corresponding massive theory, although it is well known that the massive gauge theory itself does not be well defined. It can not be renormalizable and unitary simultaneously. After gauge fixing, however, one can freely add a mass term to Yang-Mills theory without spoiling the renormalizability. It will turn out to be appropriate to take the Curci-Ferrari model as our massive gauge theory counterpart. To maintain the unitarity is rather subtle. However our mass term is a fictitious one.
In the prescription of the improved RG method we introduce a counter term which cancels the effect of the mass term, therefore we expect that pathologies, if any, of the massive gauge theory will disappear in the end of the day.
The Lagrangian of the Curci-Ferrari model which is the counterpart of U(N) Yang-Mills theory is
where ξ is the gauge parameter and β is an extra parameter characteristic to the model. Here the ghost mass is related to the gluon mass as m 2 gh = ξm 2 . The condition that the model has the BRST symmetry is given by
We here carry out the calculation by taking β = 1. The BRST invariance may realize at the last stage of the calculation where we could consider the original mass goes to zero by the subtraction, or when we go to Landau gauge, ξ = 0.
To find the perturbative expression for the pole mass of the theory, it is enough to calculate the one particle irreducible (1PI) two point function. We rewrite the 1PI two point function as follows:
where ∆ µν = η µν − q µ q ν /q 2 , and π 1 and π 2 should be calculated perturbatively. Then the full propagator iΣ µν is written in a form as follows
Thus the pole mass can be read off as
The 1PI two point function is calculated up to one loop order in a standard way as
and the explicit expressions of coefficient functions
and N A1 (x, y, z, m 2 , q 2 ; ξ) are listed in the Appendix A.
The constant A 1 is given by the finite part of the π 1 + π 2 , which is found from (36)
In the Landau gauge ξ → 0, A 1 becomes
The renormalization functions are
By using these stuff, we apply the improved renormalization group method explained before to Yang-Mills theory and are able to calculate an approximated pole mass of the gluon. Note that at the one loop order the result is independent of N. We plot M 2 P /Λ 2 M S with respect to x, which is the substance of the provisional mass m 2 , for various values of a in Figure 3 . Figure 3 shows that a plateau emerges around M 
Conclusion
We have applied the improved renormalization group method to pure Yang-Mills theory at the one loop order and obtained the result that a nonperturbatively generated pole mass of gluon M P emerges as M 2 P /Λ 2 M S ≃ 0.66, where Λ M S is the MS scale. Several works have been done to calculate the mass of gluon. Our result is much lighter than that of previous works: for example, a lattice calculation [9] has been performed. However we can not compare it with our result directly, because their results are not the pole mass itself, but a vacuum expectation value of A µ A µ operator. It is interesting that one makes a further calculation, two-loops or higher and observes if higher order calculations might give heavier gluon masses. There have been already calculations of the renormalization functions of Curci-Ferrari model to three loop order [19] which enable us to improve the renormalization group analysis, but we think that perturbative corrections play an important role in producing a nonperturbative mass.
Here let us comment on mass and confinement. If the pole mass of gluon would be infinitely heavy we may interpret it as a signal of confinement, since a such heavy mass indicates that the gluon will not propagate as a physical mode. This is an interesting viewpoint 4 and we have expected to find a heavy mass of gluons. Although one loop order we have not obtained such a heavy mass, the mass of gluons might become heavier and heavier as the order of calculation gets higher.
We have also applied this method to the O(N) non-linear sigma model in two dimensions. The exact mass gap of this model has been already known [17] and we can compare it with our result in order to check how well this method works. However the one loop order calculation agrees with the exact result only in the large-N limit, that is, M P = Λ M S . This is not so encouraging, however similar facts have been known in Gross-Neveu model [3] at the one loop order. In [3] they have also performed two-loop calculation and obtained a result in quite good agreement with the exact one even for small values of N. Then it is interesting to calculate the next order in non-linear sigma model to make sure the validity of this method [21] .
A Coefficient functions
We denote the concrete expression for the coefficient functions N m0 , N A0 , N m1 and N A1 ;
B Renormalization group analysis for the pole mass
In this appendix, we explain the fact that a pole mass can be written in terms of a logarithm of m 2 /µ 2 , by following [20] . We also comment on a leading-logarithm approximation.
Here we concentrate on a theory which has two dimensionful parameters, m 2 and µ. The physical mass which appear at a pole of the propagator will be
where f n are undetermined function of m 2 /µ 2 and is calculated by perturbation theory and g is a coupling constant of the theory. Note that we have applied a mass-independent renormalization (MIR) scheme like minimal subtraction MS or MS. Only when a MIR scheme is applied, the pole mass has a form like (46) . By definition, the pole mass M 2 P is independent of µ, that is, it is renormalization group invariant. Then M 
Substituting (46) to this RGE, we obtain
Integrating with respect to ln µ, we obtain
where const. is independent of µ and, then, m 2 . We have a "boundary condition" of this integral equation: f 0 = 1 and then
here we define β(g) = −2b 0 g 4 − 2b 1 g 6 + · · · , γ m 2 = γ 0 g 2 + γ 1 g 4 + · · · .
In this manner, we can determine all the f n 's recursively by using of the information of the RGE, up to constant terms. Thus we obtain
where coefficients A n,L 's with L < n are determined through the above procedure, while A n,n (≡ A n ) are unknown constant at this stage. A n 's will be calculated by the perturbation theory and we call them "non-logarithmic corrections." One of interesting facts is that the L = 0 contribution in the series (53), called a leading logarithm approximation, satisfies the renormalization group equation at the one loop order, that is,
Then we can solve it in a standard way and obtain 
This indicates that once we know the b 0 and γ 0 at the one loop order, we can calculate the leading-logarithm contribution to the pole mass of all order in g 2 .
